Surface instabilities have been studied extensively for both homogeneous materials and film/substrate structures but relatively less for materials with continuously varying properties. This paper studies wrinkle surface instability of a graded neoHookean block with exponentially varying modulus under plane strain by using the linear bifurcation analysis. We derive the first variation condition for minimizing the potential energy functional and solve the linearized equations of equilibrium to find the necessary conditions for surface instability. It is found that for a homogeneous block or an inhomogeneous block with increasing modulus from the surface, the critical stretch for surface instability is 0.544 (0.456 strain), which is independent of the geometry and the elastic modulus on the surface of the block. This critical stretch coincides with that reported by Biot (1963 Appl. Sci. Res. 12, 168-182. (doi:10.1007/BF03184638)) 53 years ago for the onset of wrinkle instabilities in a half-space of homogeneous neo-Hookean materials. On the other hand, for an inhomogeneous block with decreasing modulus from the surface, the critical stretch for surface instability ranges from 0.544 to 1 (0-0.456 strain), depending on the modulus gradient, and the length and height of the block. This sheds light on the effects of the material inhomogeneity and structural geometry on surface instability.
Introduction
In the past few decades, surface instabilities have attracted the interests of many researchers due to their importance in gaining fundamental understanding of structural and material instabilities, as well as various applications of surface topography resulting from surface 2017 The Author(s) Published by the Royal Society. All rights reserved. instabilities. Wrinkles [1] [2] [3] and creases [4] [5] [6] are two commonly observed surface instabilities. The surface of wrinkles undulates sinusoidally but remains locally smooth, while the surface of creases locally folds a self-contacting shape with a sharp tip. Wrinkles have been generated in experiments from the compression of the structure with a stiff thin film bonded on a soft substrate. Diverse patterns of wrinkles have now been harnessed in many applications [1, [7] [8] [9] [10] [11] [12] . In the meantime, the phenomena of wrinkles on a single film, a film/substrate system and a half-space in response to different environmental stimuli have been extensively studied [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . It may be noted that in spite of Biot's theoretical work [25] 53 years ago, wrinkles on the surface of homogeneous blocks under compression have not been reported in experiments. Creases, however, were observed by Tanaka et al. [4] on the perfectly smooth surface of a swollen ionized acrylamide gel formed in a petri dish. Subsequently, numerous experiments [5, 6, 26, 27] , numerical simulations [28] [29] [30] [31] [32] [33] and analytical analyses [34] [35] [36] [37] [38] [39] [40] have been carried out to study creases.
Biot [25] , long before experimental observations of surface instabilities, showed analytically that the surface of a half-space of a homogeneous incompressible neo-Hookean material under plane strain becomes unstable when the compressive strain exceeded a critical value of 0.456. Levinson [41] , motivated by Hill's work [42] of uniqueness and stability in finite elastic strain, carried out a two-dimensional analysis to study the stability of a compressed rectangular block of homogeneous neo-Hookean materials. Subsequently, Nowinski [43] and Usmani & Beatty [44] also investigated the surface instability of a half-space of homogeneous elastic materials. In the late 1990s, Biot's theoretical prediction of surface instability was challenged by the experiment of Gent & Cho [5] on the bending of a rubber block. Their experiments showed that sharp creases occurred on the inner surface of the block at a critical compressive strain of 0.35 that is less than Biot's prediction of 0.456. Hohlfeld & Mahadevan [31] pointed out, based on their numerical simulations and experiments of a bent PDMS slab, that crease observed by Gent & Cho [5] was a new type of instabilities. Other numerical analyses [28, 30, 32] also illustrated the formation of creases on the free surfaces of soft materials. Inspired by Koiter's initial post-buckling analysis and imperfection sensitivity [45] , Cao & Hutchinson [38] investigated the relation between surface wrinkles and creases. They showed that wrinkling is extremely unstable and highly imperfectionsensitive, and that the initial imperfections can significantly reduce the critical compressive strain for the onset of surface instability. In their plane strain finite-element simulations of a halfspace with an initial sinusoidal imperfection, for example, the overall compressive strain of the wrinkling-creasing transition is found to be 0.27, which is lower than the creasing strain of 0.35 suggested by Gent & Cho [5] .
In addition to the material imperfection, the material inhomogeneity has been shown to contribute to the emergence and the forms of surface instabilities [39, 40, 46, 47] . Biot [46] first studied surface instability of continuously inhomogeneous half-space of viscoelastic and incompressible media with exponentially varying properties, which include elastic media as a special case. Using the approach of incremental deformation (i.e. a linear perturbation analysis), Biot analysed the buckling load and the folding wavelength of the media subject to the combined loadings of the horizontal compression and gravity. Lee et al. [47] presented a bifurcation analysis to study surface instability of an elastic half-space with varying elastic modulus, including exponential and error-function gradation, but constant Poisson's ratio in depth. Recently, Diab et al. [39] studied surface creasing caused by compression of a neo-Hookean solid with exponentially decaying stiffness.They revisited Biot's linear bifurcation analysis [46] , and extended the analysis to the nonlinear regime by using Koiter's initial post-buckling analysis [45] with second-order perturbation solutions. Diab & Kim [40] later investigated the so-called ruga-formation instabilities of a neo-Hookean half-space with a graded-stiffness boundary layer under plane-strain compression.
The purpose of this paper is twofold: first to draw comparisons and hence to identify possible connections of surface instability in a half-space and surface instability in a finite rectangular block, and secondly to present a complete linear bifurcation analysis for an elastic material with exponentially varying (increasing and decreasing) modulus. Much of the published work on surface instability, pioneered by Boit's papers [25, 46] , focuses on analysing surface instability of half-spaces [23, [38] [39] [40] 43, 44, 47] . Such a geometry serves as a mathematical idealization of large structures and materials. A half-space, possessing just one surface, provides a simple setting for studying surface instability. However, it has not been investigated to what extent a finite medium can be treated as a half-space, in terms of their stability under mechanical loads. In particular, the occurrence of surface instability in a half-space has not been compared with that in a finite medium. Also, in most existing works on half-spaces, only the boundary conditions on the free surface and in the infinite depth are considered. The farfield boundary conditions in finite depths are often ignored, making it impossible to examine the effects of these boundary conditions on the surface instability. These issues are addressed in the present work by analysing a rectangular elastic block with the free boundary condition on the top surface, the sliding boundary conditions on the lateral surfaces and the displacement boundary condition on the bottom surface. It is found that under such boundary conditions, the conditions for the onset of surface instability for a homogeneous finite block are identical to those for a halfspace. Specifically, the stability conditions are independent of the dimensions (sizes) of the block. These findings provide important insight into the size effect of a continuum on its mechanical properties, as well as into possible links between the mechanical behaviours of finite and infinite media.
Most studies of surface instability are for either homogeneous media [25, 38, 43, 44] or for film/substrate structures [14] [15] [16] [17] [18] [19] [20] [21] [22] . Of a few studies for inhomogeneous materials with graded stiffness [39, 40, 46, 47] , the analysis of surface instability appears incomplete. For example, the critical load or the critical strain for the onset of surface instability should depend on the material grading parameters. To our knowledge, a systematic study of this dependence has not been carried out. This lack of understanding hinders, among other things, an investigation of possible links between material inhomogeneities and the formation of crease surface instability, which some researchers have suggested. Also, the previous studies have focused on inhomogeneous neo-Hookean materials with decreasing shear modulus [39, 40] . The interesting case of increasing shear modulus has not been studied. The present work is towards filling these gaps by performing a complete linear bifurcation analysis for a neo-Hookean block with exponentially varying shear modulus. It is found that for a neo-Hookean block with decreasing shear modulus, the critical strain depends on the geometry (length and height) and the material property (modulus gradient) of the block. Specifically, the critical strain takes a value between 0 and 0.456, and is monotonically decreasing in the modulus gradient. This means that an inhomogeneous block with decreasing modulus is less stable than the homogeneous block; the higher the rate of decreasing, the more unstable the inhomogeneous block. For a sufficiently large value of the modulus decreasing rate, the block could be regarded as a surface layer bonded to a very soft material, and is hence highly unstable under compressions. By contrast, the critical strain for a neo-Hookean block with increasing shear modulus is identical to the critical strain 0.456 for a homogeneous block, and is independent of the geometry and material property of the block.
It is worth mentioning that the term 'Wrinkle surface instability' in the title reflects the view that a linear bifurcation analysis, of which this paper comprises, is relevant to wrinkle instability only. Strictly speaking, this view is incomplete. A linear bifurcation analysis concerns the nontrivial solutions of the linearized equilibrium equations. The existence of such solutions is only a necessary condition for the bifurcation solutions of the nonlinear equilibrium equations. It does not guarantee a bifurcation, and, if a bifurcation does exist, delivers little information about the form of the bifurcation solution. In Biot's work [25] and many others that followed, the sinuous form of the solutions to the linearized equations is chosen a priori, and is often linked to 'wrinkle surface instability'. Such a practice, however, should not define the scope of a linear bifurcation analysis. Indeed, if one seeks solutions in a larger function space that includes non-smooth functions, it is possible to obtain information relevant to other types of surface instabilities. In this work, the term 'surface instability' is taken in the sense of 'possible bifurcation solutions related to surface instability phenomena'. The paper is organized as follows. In §2, a linear bifurcation analysis of general elastic materials in finite deformation is presented. A boundary-value problem with appropriate boundary conditions on all faces of an elastic block is formulated. The equations of equilibrium and the corresponding incremental boundary-value problem are presented. These equations are then specialized to neo-Hookean materials with exponentially varying modulus. Section 3 gives the analytic solution of the incremental boundary-value problem with a unified presentation which maintains the desired level of generality. Solutions for various special cases can be deduced from the general case. Section 4 gives detailed presentations of the bifurcation solutions, as well as discussion of the solutions. Special attention is paid to demonstrating the dependence of the critical stretch, the compression stretch under which the bifurcation first emerges, on the geometry and the material property of the block. Some conclusions are drawn in §5.
Formulation
We consider plane-strain deformations of a rectangular elastic block, in which the strain in the thickness direction is zero, and in which the in-plane deformation is independent of the coordinate in the thickness direction. This effectively reduces the three-dimensional problem to a two-dimensional one for which the reference configuration of the body can be represented by
where l 1 and l 2 are the length and the height of the block, respectively. The body may undergo a deformation which is expressed by a smooth function x : D → R 2 in plane strain. The elastic body is assumed to be incompressible, which requires that
where F = ∇x is the deformation gradient in two dimensions. We shall consider the physical situation where the deformation is controlled by a loading device that stretches or compresses the body in the direction of coordinate axes (figure 1). Precisely, the deformation is required to satisfy the following kinematical boundary conditions that prescribe the normal displacement of the left and right surfaces, as well as the displacement at the bottom surface:
where λ is the prescribed stretch in the X 1 direction with 0 < λ ≤ 1 for compression. In this work, we use a variational method to derive the equilibrium equations by seeking the extrema of a potential energy functional in the class of kinematically admissible deformations. Relevant traction boundary conditions will follow as the natural boundary conditions of the variation problem. Physically, the boundary conditions (2.3) can be implemented by rigid smooth plates that are in contact with the side surfaces of D and that allow surface sliding (figure 1). The boundary condition (2.4) prescribes the displacement on the bottom surface, which can be realized by a rigid foundation with controlled length l 1 /λ. It is worth noting that in the aforementioned work [38, 43, 44] periodical solutions are often adopted in studying a half-space problem. The present boundary conditions provide a physical setting that facilitates such periodical solutions.
(a) Elastic energy and equations of equilibrium
For the present problem, the potential energy consists of only the elastic energy stored in the deformed body, given by where W is the strain-energy function of the elastic body. Letx(X, ) be a one-parameter family of functions that satisfy (2.2)-(2.4) for all , and that satisfỹ
The first variation condition to extremize the potential energy (2.5) for all possible choices ofx(X, ) isĖ
By (2.5), the explicit form of (2.7) is
where v is the first variation ofx, defined by
Here and henceforth, the derivatives of W are evaluated atx(X, 0). Sincex(X, ) satisfies (2.2)-(2.4) for all , function v must satisfy the constraint
and the boundary conditions By using the argument of Fosdick & MacSithigh [48] , it can be shown that there exists a smooth function p: D → R, such that equation (2.9) holds for all v that satisfy (2.11)-(2.13) only if 
(b) Onset of instability
Of interest here is the surface instability of the finite block subject to the lateral compression. In this work, the surface instability is considered as the onset of bifurcation from a given trivial solution to other solutions. For more details of the bifurcation analysis, see [49] . Based on the implicit function theorem [50, 51] , the equations of equilibrium have a non-trivial solution bifurcating from the trivial solution only if the linearized equations of (2.2)-(2.4) and (2.14)-(2.16) possess a non-zero solution. It is obvious that the onset of bifurcation depends on the prescribed stretch λ. The linearized equations describe the response of the finite block, in a state of equilibrium, to infinitesimal increments of the deformation. We now linearize the above boundary-value problem (2.2)-(2.4) and (2.14)-(2.16). The resulting incremental equations are
where u,p ands are the increments of the deformation vector x, the hydrostatic pressure p, and the normal stress s on the side surfaces, respectively.
(c) Neo-Hookean materials with exponentially varying modulus
Consider an inhomogeneous neo-Hookean material of which the two-dimensional version of strain-energy function is
with the shear modulus having the form 
A trivial solution, which corresponds to a homogeneous deformation, to equations (2.26)-(2.28), the constraint (2.2) and the displacement boundary conditions (2.3)-(2.4), is given by
29) 
33) 
Solution of the incremental boundary-value problem
We now seek solutions u andp of the differential equations (2.32) and (2.33) that satisfy the boundary conditions (2.34)-(2.37). The general solution of (2.33) can be written as 
and
The above boundary-value problem (3.2a)-(3.6) can be solved by using the Fourier series
where
The series (3.7) satisfy the boundary conditions (3.3) and (3.4) at X 1 = 0 & l 1 . Functions Y n and Z n are solutions of certain boundary-value problems in −l 2 ≤ X 2 ≤ 0. Substituting (3.7) into the partial differential equations (3.2) and using the orthogonality relation of Fourier series, we find that Y n and Z n satisfy the following ordinary differential equations c(λ
where a prime denotes the derivative with respect to X 2 . Equations (3.9) further imply that
Substituting (3.7) and (3.9) into the boundary conditions (3.5) and (3.6), we obtain
The onset of surface instability now rests upon the existence of non-trivial solutions to the boundary-value problem (3.10)-(3.12). To facilitate the solution process and the presentation of the solutions, we introduce the following dimensionless variables by normalizing a length-like quantity with the wavelength l 1 /(nπ ):
Hence, α, ν and x represent the normalized modulus gradient, height and vertical coordinate, respectively. The boundary-value problem (3.10)-(3.12) can be recast as y i , i = 1, . . . , 4. From each y i , we define a vector b(y i ) , from the boundary conditions (3.15) and (3.16), by
The boundary-value problem (3.14)- ( The characteristic equation of (3.14) is
which has four roots
with four possible combinations of the plus and minus signs above. Assuming 0 < λ < 1, the four roots are all real and distinct when |α| < (1 − λ 4 )/(2λ 2 ), are two double real roots when |α| = (1 − λ 4 )/(2λ 2 ) and are two pairs of conjugate complex roots when |α| > (1 − λ 4 )/(2λ 2 ). A real root r i of (3.19) corresponds to a real solution y i (x) = e r i x of (3.14). On the other hand, a pair of conjugate complex roots ρ ± iθ corresponds to two real solutions e ρx cos(θx) and e ρx sin(θ x), which are, respectively, the real and imaginary parts of the complex solution e (ρ+iθ)x . This suggests that the determinant (3.18) be evaluated directly with the complex solutions. To see this, let ρ 1 ± iθ and ρ 2 ± iθ be two pairs of conjugate complex roots, that is,
We take complex solutions and the corresponding complex vectors on the boundaries, and write The last determinant in (3.23 ) is precisely what one would have obtained by taking the real and imaginary parts of the complex solutions for y i in (3.18). We can thus treat the cases of real and complex roots in a unified manner. Moreover, the case of double real roots when |α| = (1 − λ 4 )/(2λ 2 ) can be treated as the limit |α| → (1 − λ 4 )/(2λ 2 ), since the solutions of the boundary-value problem depend continuously on the parameters.
It thus suffices to examine equation ( where A ij and B ij are 2 × 2 matrices given by Upon substituting (3.31) into (3.26) and (3.27), we arrive at the condition for the onset of surface instability for a homogeneous block. In particular, the stability condition for a homogeneous block of infinite height can be readily found by substituting the expressions for r 1 and r 2 in (3.31) into (3.26) and (3.30), yielding det(A 12 ) = (λ
Factoring out the physically irrelevant solutions in (3.32) leads to 
Results and discussion
Equation (3.18), or the equivalent equation (3.27) , services as the condition for the onset of surface instability of an inhomogeneous elastic block with graded stiffness modulus. Such a linear bifurcation analysis has not been solved previously at the level of generality in this work. The results obtained herein cover, as special cases, various linear bifurcation analyses reported in the literature concerning the surface instability of homogeneous elastic materials [25] , as well as the surface instability of inhomogeneous elastic materials with exponentially decreasing modulus [39] . Equation (3.18) (or (3.27)) contains three dimensionless variables: stretch λ, the normalized modulus gradient constant α and the normalized height ν as defined in (3.13). The bifurcation stretch λ depends on the geometry l 1 , l 2 and the material constant a, as well as the bifurcation mode n. Our analysis shows that λ depends on l 1 , l 2 , a and n through two combinations, α and ν of these four parameters. Of course, other combinations may be chosen. The current choice is based on the recognition of the modulus gradient constant a and the height l 2 as being the primary parameters that should each appear in just one combination. It is worth noting that when a bifurcation solution exists for an elastic block with certain values of l 1 , l 2 , a and n, the quantity l 1 /n, called unit length, represents the smallest length of a block for which the same bifurcation solution exists. Figure 2 shows the relation between the bifurcation stretch λ and the normalized height ν for various values of the normalized modulus gradient constant α. The bifurcation stretch is seen to be increasing in both α and ν. A block of unit length with a larger positive value of α has a shear modulus that decays faster away from the free surface, and is therefore more susceptible to instability. Similarly, a block of unit length with a larger height is less stable, as there is a larger distance between the free surface and the rigid foundation. On the other hand, the modulus of a block with negative α increases away from the free surface. As a result, a greater compression (a smaller stretch λ) would be needed for surface instability, in comparison with a block of nonnegative α. Moreover, it is observed that for each value of α, the bifurcation curve exhibits a vertical asymptote which corresponds to the limit bifurcation stretch for a block of infinite height. In particular, a homogeneous block for which α = 0 has the limit bifurcation stretch λ = 0.544 as predicted in (3.34) .
For a given block with prescribed geometry l 1 and l 2 and material constant a, the solutions of (3.27) give a sequence of stretches λ, indexed by n, at which inhomogeneous deformations may bifurcate from the homogeneous deformation (2.29) and thus trigger the surface instability. Hence, (3.27) implicitly determines a one-parameter family of functions λ n (l 1 , l 2 , a), termed moden bifurcation stretches. It is of both theoretical and practical importance to determine the largest bifurcation stretch, which signifies the first occurrence of the bifurcation. It is called critical stretch and is given by λ c (l 1 , l 2 , a) = max n=1,2,...
Since n appears in both ν = nπ l 2 /l 1 and α = al 1 /(nπ ), figure 2 does not provide an amenable visualization of λ c . Such a visualization can be obtained by labelling the bifurcation curves with a combination of the parameters, that is independent of n. The bifurcation curves so constructed readily show the dependence of the bifurcation stretch on n and hence render an easy graphic identification of the critical stretch. An examination of (3.13) reveals that a desired combination is αν = al 2 in which the mode number n does not appear. As one coordinate of the bifurcation diagrams is the bifurcation stretch λ, the other coordinate, which contains n, can be either 
In figure 3 , both choices are displayed. In figure 3a , we plot the bifurcation stretch λ versus the normalized height ν for various values of αν. The mode number n appears only in ν = nπ l 2 /l 1 . It is observed that when αν is positive, for which the shear modulus decreases away from the free surface, the bifurcation stretch exhibits a maximum value at a certain ν, as indicated by the small circle on the curve. This maximum gives an approximation of the critical stretch λ c , at which the first bifurcation occurs. For fixed values of a, l 1 and l 2 , the particular ν corresponding to the maximum λ gives the closest integer n ∼ = l 1 ν/(π l 2 ), and thus the bifurcation mode for the first appearance of surface instability. It is interesting to note that for each positive αν the critical stretch is greater than the bifurcation stretch of the homogeneous block, and that the critical stretch is close to 1 for large values of αν. This indicates that an inhomogeneous block with positive a is less stable than the homogeneous block. For a large value of a, the block will become unstable under a small compression. By contrast, when αν is negative, for which the shear modulus increases away from the free surface, the bifurcation stretch increases monotonically in ν. This implies that the critical stretch is not given by a particular mode n, but given by the limit as n → ∞. It is interesting to note that this limit is 0.544, the bifurcation stretch of a homogeneous block of infinite height, as is given in (3.34). This conclusion also holds for negative αν. This follows from the observation that letting ν = nπ l 2 /l 1 tend to infinity while holding αν = al 2 constant (either positive or negative) amounts to letting l 2 → ∞ and a → 0, resulting in a homogeneous block of infinite height. These features concerning the critical stretch can also be seen in figure 3b , the bifurcation stretch λ versus the normalized modulus gradient constant α = al 1 /(nπ ) for various values of αν. The maximum stretches are again indicated by small circles on the bifurcation diagrams, and are found, as expected, to be identical to those in figure 3a . Also, all curves, regardless of the value of αν, meet at the point α = 0, λ = 0.544 (denoted by a star in figure 3b ). This again implies that the bifurcation stretches for large mode numbers are all close to the bifurcation stretch for the homogeneous block. A remark here is that ν and α are continuous variables, as the parameters a, l 1 and l 2 can take real values in certain intervals. However, the mode number n can only be positive integers. Hence, for given values of a, l 1 and l 2 , only a sequence of discrete points on a bifurcation diagram correspond to the bifurcation points. The maximum value of λ on each bifurcation diagram in figure 3 is actually an upper bound of the critical stretch, given bȳ l 2 , a) Obviously, λ c ≤λ c . Although figure 3 shows thatλ c → 1 as αν → ∞, we should not conclude that λ c approaches 1 as αν = al 2 tends to infinity. In fact, for sufficiently large αν, the quantitȳ λ c corresponds to an n that is less than 1, and hence cannot be a bifurcation point. Nevertheless, when the discrete points on a bifurcation diagram are dense,λ c serves as a good approximation of the critical stretch λ c . Another observation is that since l 1 and n appear in the equations as the combination n/l 1 , the upper boundλ c as given by (4.2) is independent of l 1 . A further observation from the analysis leading to figure 3 is thatλ c depends on the remaining parameters a and l 2 through their product al 2 . Hence, the upper bound for the critical stretch defined by (4.2) is actually a function of only one variable al 2 , which, by (2.24) , is the log of the ratio of the shear modulus at the top surface and the shear modulus at the bottom surface.
In figure 4 , we plot the upper bound of the critical stretchλ c versus al 2 . For any negative value of al 2 , the upper bound coincides with the critical stretch itself, which equals 0.544. For positive values of al 2 , the upper bound increases monotonically in al 2 and approaches 1 as al 2 → ∞. This indicates that an inhomogeneous elastic block with decreasing shear modulus is less stable than a homogeneous block. A larger value of the modulus gradient a, i.e. a higher rate of modulus decreasing corresponds to a larger value of critical stretch and therefore a less stable block. For a sufficiently large value of a, the block could be viewed as a surface layer on a soft material which diminishes quickly. Such a structure is expected to be highly unstable under compression. Perhaps less intuitive is the fact that when a is negative the critical stretch is independent the value of a, and is the same as that of a homogeneous block. This means that making the material softer near the free surface has no effect on the onset of surface instability.
Conclusion
Motivated by the long-standing interest in fundamental understanding the phenomenon of surface instability, as well as recent applications of surface topology of soft materials, we investigate the effects of the material inhomogeneity and the specimen geometry on surface instability. We study a compressed finite block of neo-Hookean materials with exponentially varying modulus under plane strain and consider the surface instability as the onset of bifurcation. Our linear bifurcation analysis shows that the critical stretch, which signifies the first appearance of bifurcation, for a finite block of homogeneous neo-Hookean materials is 0.544. This critical stretch is independent of the geometry and the shear modulus of the block. It is exactly the critical strain 0.456 reported by Biot [25] for surface instability of a homogeneous half-space of neo-Hookean materials under plane strain. For a finite block of neo-Hookean materials with exponentially increasing modulus, the critical stretch is again 0.544, independent of the geometry, the shear modulus at the free surface and the modulus gradient. This means that making the material more stiff away from the free surface has no effect on the onset of surface instability. On the other hand, for a finite block of neo-Hookean materials with exponentially decreasing modulus, the critical stretch takes values between 0.544 and 1, and depends on the geometry and the modulus gradient of the block. A critical stretch is associated with an integer mode number. If the mode number is allowed to be any positive real number, the resulting critical stretch, which serves as an upper bound for the true critical stretch, depends only on a and l 2 through their product.
The experiment of Gent & Cho [5] suggests that the strain for the onset of surface crease instability is lower than the strain 0.456 predicted by Biot [25] for the onset of surface wrinkle instability. Cao & Hutchinson [38] established the path from wrinkles to creases by introducing surface imperfections on an originally flat half-space of homogeneous neo-Hookean materials. Diab et al. [39] studied setback creases on the surface of a compressed half-space of neo-Hookean materials with exponentially decreasing modulus, and reported a critical strain lower than that for a homogeneous material. The same trend has been found in the present work. However, to our knowledge, the issue of a possible link between material inhomogeneity and crease surface instability has not been completely resolved.
Authors' contributions. The authors contributed to the research and to preparing the manuscript. They both gave final approval for submission.
Competing interests. Neither of the authors has competing interests.
Funding. This research received no specific grant from any funding agency in the public, commercial or notfor-profit sectors.
